Abstract-This paper presents a methodology that can be automatized in order to analyze and design multiphase converters with coupled inductors regardless of the magnetic structure. The general procedure is to obtain a symbolic model of the converter in a generic state-space form. With this model, the expressions for the main design issues are obtained involving the magnetic and electric parameters of the converter. The validation of the procedure is presented contrasting the results with real converter measurements.
I. INTRODUCTION
The multiphase buck converters with coupled inductors presents a number of advantages like significant improvements in the dynamic response, phase current ripple reduction, power distribution and component size reduction [1] [2] [3] .
Different approaches of coupling on the magnetic component have been analyzed in [2] , the performance of the magnetic component has been presented in [1] and an actual validation of this concept can be found in [3] . This paper presents a general methodology for the study of multiphase coupled converters that is independent of the construction of the magnetic component. The approach is to obtain a symbolic magnetic-electric state-space model of the multiphase converter and its magnetic structure using a Computer Algebra Software (CAS) like Maple or Mathematica. Once having this state-space model in matrix form, an automatic procedure can be performed to obtain the expressions in order to design the converter.
In the section II it is presented the model of the magnetic winding used to model the electric part in conjunction with the magnetic part of the converter. Also it is presented how to obtain the expressions that relate the magnetic parameters with the actual measurements of a real component. Section III presents the procedure used to obtain the state-space model of the converter. In section IV it is shown the procedure to determine the current ripple in each phase using the state-space model. Section V analyzes the dynamic response of the converter. And finally in section VI it is presented the validation of the proposed methodology comparing the results with two real converters.
II. MODEL OF THE MAGNETIC COMPONENT
The main goal of the magnetic component modeling approach is to obtain a symbolic (analytical) and simplified (few parameters) model that preserves the nature of the structure with a good level of accuracy.
The model of the converter analyzed in this work merges the electrical and magnetic parts of the circuit. For this purpose the following model of a winding is used (eqs. 1 and 2):
where:
The graphic representation of the winding model it is shown in figure 1 , it can be seen that i represents the electric current that flows through the terminals an V the voltage across terminal. On the other side, E represents the derivative of the magnetomotive (eq. 3) force and f represents the derivative of the flux (eq. 4). Equations 3 and 4 are used to transform the model in order to keep the electric current as a state variable in the models. The term Rl represents the resistance of the winding, and n the number of turns.
The approach is to establish a model depending on the structure of the component, for example a three phase The model of any magnetic structure with any number of phases can be obtained using the same approach. The number of parameters needed depends on the complexity of the magnetic structure but the objective is to keep it as low as possible in order to simplify the expressions without affecting significantly the accuracy of the model.
Another example of a two-parameter approximated model of a four phase magnetic structure is shown in figure 3 .
A symbolic analysis package for Maple was developed by the authors. This package has follow the same principle as the package presented in [4] but adds some new features in order to give more flexibility to the models. Using this package, the magnetic component is analyzed. The model shown in figure  4 is used to analyze the three-phase magnetic component. It can be seen that the model is constituted by three winding models. In the magnetic side, the leakage is represented by To obtain the leakage inductance (short-circuit) the resistances rc3 and rc3 are set to zero (rc2 → 0, rc3 → 0). And to obtain the magnetizing inductance the resistances are set to infinity (rc2 → ∞, rc3 → ∞). Solving the system for both cases and using the equation of the inductor (eq. 5) it is possible to obtain the relation of the magnetic parameters (Rp and Rc) with the leakage and magnetizing inductance (eqs. 6 and 7).
A comparison of the model against a real three phase component is shown in figure 5 . The real component was constructed using two E30/15/7 cores with windings in each leg.
The same procedure can be performed with any other magnetic structure, and this procedure can be easily automatized to obtain the needed relationships according to the number of magnetic parameters. 
III. MODEL OF THE COMPLETE CONVERTER
In order to perform the required analysis, two state space models of the converter were developed, each one is used in different analysis. To analyze the dynamic response of the converter, the used model is shown in figure 6 .a and the model of output used is shown in 6.c, this output takes into account that the converter has a capacitor and a load resistance at the output. This model will be referred as "dynamic" model. The other model (figure 6.a with 6.b as output) is used to analyze the current ripple in each phase of the converter, this model assumes that the output capacitor is large enough and has reached the steady-state condition, this model will be referred as "ripple" model.
The state-space models are obtained performing symbolic analysis using the previously mentioned package.
The "ripple" model of any multiphase converter with coupled inductors can be represented in matrix as shown in equation 8. It can be seen in the matrix representation that the vector X contains the term of the current in each phase. Vector u contains the control signals of each phase. Matrix A represents the relation among the phase currents. Matrix B represents the effect that turning-on a phase has over the other phases. Vector K represents the effect of the output voltage over the phases.X
The matrices A and B of the three phase converter with the magnetic component in figure 4 can be characterized as shown in equation 9.
In this case, it is assumed that the magnetic component is symmetric, this means that all phases have the same coupling factor, that is why the coefficients in the main diagonal are different. If all coefficients in the matrices A and B were the same the converter will have a perfect current equalization, this means that all current waveforms will be the same. This occurs because all derivatives will be also the same:î l 1 = il 2 = · · · =î l n . In any converter, it can be proved that if the core reluctance tends to zero (Rc → 0), the derivatives will be equal (eq.10). This effect is ilustrated in figure 7 . 
IV. PHASE CURRENT RIPPLE ANALYSIS AND OPERATING POINTS OF THE CONVERTER

A. Operating Points of the Converter
It is important to make a distinction between output current ripple and phase current ripple. This paper will focus on the phase current ripple because the output current ripple cancellation curve is similar to the cancellation curve in an uncoupled multiphase converter.
The observed current waveforms of one converter vary depending on the duty cycle. It is possible to define three operating points as a function of the duty cycle and the number of phases. These operating points are illustrated in figure 8. The operating point are:
• Minimum ripple point: (Figure 8.a) , the main characteristic of this point is that the current waveforms have a phase shift of 360/N degrees (N is the number of phases), but in these points the ripple is minimum. These points occurs for any duty cycle where the number of turned-on phases is constant, e.g. in a three phase converter there are two points: d = 1/3 and d = 2/3.
• Maximum current equality point: (Figure 8 .b), in this point the current wave forms tend to be very similar and it appears that there are in phase. In these points it is found the maximum current ripple. These points occurs in between the minimum ripple points. e.g. in the three phase converter the points are found in: d = 1/6, d = 1/2 and d = 5/6. • Intermediate point: (Figure 8 .c) for any other duty cycle the ripple is lower than the ripple found in the maximum current equalization points, and the waveforms tend to be more similar that the waveforms of the minimum ripple point. different switching sequences (depending on the duty cycles). In order to group the input terms, the substitution shown equation 11 in is used.X
The term buk i represents the input of the phase i as function of the control signals in vector u.
Two examples of the input values are shown in figure 9 for a three phase converter. Figure 9 .a shows the case when the converter is working in a minimum ripple point, it can be seen that the values of the terms buk i have a slight change. This input produces a soft change in the phase currents. Also can be seen that the buk i terms have a clear phase shift of 360/N degrees. On the other case, in the maximum current equalization point (figure 9.b) it can be seen that the changes are more abrupt and the buk i values seem to be very similar, this makes the phase currents look in phase and so alike.
B. Phase Ripple Calculation
In this section there are presented two ways to calculate the peak-to-peak current of any phase. The first one assumes that the winding resistance value is negligible, this results in an approximated expression for the peak-to-peak current. The other method takes into account the voltage drop produced by winding resistance and the phase current but uses an empirical formula, this gives a more accurate result when the winding resistance is less that 1 Ω. 
two methods is to provide approximated expressions without complicate formulas.
First of all it is needed to determine the switching states and the time that lasts each state for any duty cycle. Two examples of the wanted data are presented in tables I and II for a duty cycle equal to 1/3 and for any duty cycle less that 1/3 respectively. A simple algorithm was written in Maple to obtain this information for any duty cycle and any number of phases.
Once having the values of the vector u for any switching state, when the winding resistance is small the peak-to-peak current is calculated using only the terms B · u + K, because Peak-to-Peak current of phase 1 Fig. 10 . Comparison between the theoretical current ripple of a three phase converter and the simulation result. the effect of the matrix A is negligible. For the three phase converter the peak-to-peak current is calculated as shown in equation 12 for the first section (0 > d > 1/3). It is assumed that the output voltage is equal to the input voltage multiplied by the duty cycle (eq. 13).
The formula obtained to calculate the peak-to-peak current of the phase 1 for the three phase converter is shown on equation 14, this is valid for the section were 0 > d > 1/3. The comparison between the formula and simulation results is shown in figure 10
A Maple script has been written in order to automatize this process for any section of the duty cycle and for any converter. It is only necessary to provide the matrices B and K of the converter and phase turn-on sequence (the turn-on sequence plays an important role, this will be shown in section VI).
The second method to calculate the peak-to-peak current follows almost the same approach, the main difference is that it assumes that the voltage drop due to the winding resistance (Rl) and the peak current (Δil i ) produced by the matrix A can be approximated introducing the substitution 15 in equation 14.
As said before this approximation provides very good results when Rl < 1Ω. A comparison of the new formula (equation 16) is shown in figure 11 . 
V. DYNAMIC RESPONSE VS PHASE CURRENT RIPPLE
Using the dynamic state-space model, the transfer function of the converter for the output voltage can be obtained by averaging methods [4] . For the three phase converter, the transfer function can be written as the transfer function of a buck converter (eq. 17) with the substitutions shown in equations 18 and 19.
As can be seen in the transfer function, the dynamic does not depend on the Rc parameter. In order to obtain the transfer function of any multiphase converter a Maple script has been written. The same analysis can be performed for any magnetic structure and the same conclusion can be drawn: the dynamic response of the converter depends only on the leakage inductances.
In order to improve the dynamic response, a low leakage inductance could be desired, but the analysis on the peak-topeak current (equation 14 or 16 for the three-phase converter) shows that the ripple increases as the leakage inductance decrease. Therefore it is needed to establish a good trade off in terms of the losses of the converter in order to appropriately design the converter.
An example of a converter that takes advantage of the behavior when operating in the minimum ripple point is shown in [5] , this converter has a very high dynamic response and a low phase current ripple.
VI. EXPERIMENTAL RESULTS
Two magnetic components have been constructed, one for three phases (figure 12.a) and the other one for four phases (figure 12.b). Both are controlled by a board that can drive up to sixteen phases (figure 12.c) and it is controlled by an FPGA.
Figures 13 and 14 show some of the captured current waveforms of the two converters. Figure 15 The four phase magnetic component (figure 12.b) was built using four pieces of E30/15/7 core and 3F3 material. It was constructed as shown in figure 16 , and the model was a three-parameter symbolic model. This model assumes that the coupling between phases in the same layer is tighter than the coupling between phases in different layers. The accuracy of the symbolic model of the four phases magnetic component is as good as the model of the three phase converter ( figure  5 ). The most interesting part of this model is that using the script to calculate the ripple presented in section IV, it is possible to define the optimal switching sequence for a 
VII. CONCLUSIONS
When designing a multiphase converter, the current ripple at each phase must be taken into account in order to optimize the dynamic response and the efficiency of the converter.
A complete methodology to analyze multiphase converters with coupled inductors with any magnetic structure is presented. This methodology studies the model in symbolic way and defines procedures that can be performed automatically to provide expressions of the main issues when designing this kind of converters, like:
• dynamic response • current equalization • current ripple • optimal switching sequence Also these expressions are useful to design avoiding undesired effects like increase of current ripple due duty cycle variation, core saturation and excessive AC conduction losses.
Depending on the duty cycle (d) and the output current, it is necessary to establish the number of phases that the converter should have. This is necessary because the phase current ripple depends mainly on the duty cycle (d), the number of phases (N ) and the leakage inductance. It is also recommended to design the magnetic component with a low core reluctance in order to have a high current equalization ratio.
